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Abstract

Learning online the parameters of a Recurrent Neural Network (RNN)
holds the promise of offering better sample complexity when compared
to offline algorithms such as Backpropagation Through Time. We benefit
from the stable parametrization of the Linear Recurrent Unit, to study
the training dynamics of the Real Time Recurrent Learning (RTRL)
algorithm in the class of linear RNNs. We show empirically and justify
theoretically that RTRL benefits from highly stochastic online updates.
From the insights we develop in the linear setting, we then study it’s
implications in highly sparse Continuous Time Recurrent Neural Networks
were we observe similar results. Overall, our findings allow us to offer a
possible explanation for the phenomena observed by other researchers
when training highly sparse RNNs with RTRL.
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Chapter 1

Introduction

1.1 Recurrent Neural Networks

Computational neuroscience often utilizes firing rate models to simplify neural
dynamics [1], focusing on average firing rates of neurons rather than individ-
ual spikes. These models encapsulate the neuron’s activity changes through
continuous-time dynamical systems. Mirroring these, Recurrent Neural Net-
works (RNNs) [12] offer a discrete-time approximation of neural dynamics, akin
to the Euler method used to approximate the solution of differential equations.
This approach enables RNNs to replicate the progression of neural activities
in discrete steps, serving as a bridge between computational neuroscience and
machine learning, and opening avenues to modify RNNs for more biologically
realistic neural modeling.

The training of RNNs leverages algorithms such as Real-Time Recurrent
Learning (RTRL) [33], and backpropagation through time (BPTT) [32], both
grounded in gradient descent. RTRL adjusts network weights in real-time
with data input, facilitating dynamic adaptation, whereas BPTT unfolds
the network across time to capture temporal dependencies. However, the
practicality of both RTRL and BPTT diverges from biological neural networks
[10]. BPTT’s extensive memory requirements for storing sequences and RTRL’s
high computational complexity are not reflective of the more efficient and
constrained nature of biological neural systems. Despite their computational
capabilities, these methods underscore the existing gap between machine
learning models and the operational principles of real neural networks.

In addition to the aforementioned issues, the training of RNNs faces the
exploding-vanishing gradient problem [28], which significantly affects long-term
learning. Recently [27], inspired by the remarkable performance of state space
models in the long-range arena, introduced a new RNN unit, the Linear
Recurrent Unit. Notably their work highlights the impressive expressiveness
capacity of linear RNNs when combined with nonlinear multilayer perceptrons.
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This discovery serves as a compelling motivation for studying linear RNNs as
linear dynamical systems, where theoretical analysis becomes more tractable
compared to their non-linear counterparts. A notable example of this research
direction is presented in [30], where they trained RNNs on tasks inspired
by neuroscience literature. The study revealed that the perturbation to the
RNN initial connectivity matrix after training is of low rank. This observation
was further explored under the assumption that the RNN operates linearly,
providing valuable insights into the network’s learning dynamics.

In this thesis, we focus on RTRL, targeting two primary audiences. The first
audience comprises research engineers interested in the nuances of implementing
RTRL and optimizing its performance through approximation variants. The
second audience includes computational neuroscientists seeking to understand
RTRL. Chapter 2 is tailored to the first audience, assuming a general computer
science knowledge that every engineer must have acquired during its training.
Chapter 3, which we consider the most interesting from a computational
perspective, is directed at the second audience.

Despite its apparent simplicity, the theoretical properties of RTRL are far from
being understood. In Chapter 3, we aim to contribute to this understanding by
investigating its dynamics through a series of carefully designed experiments, all
firmly based on theoretical foundations. In line with the studies just introduced
[30], [27], we will start by setting our focus in linear RNNs. This focus in the
linear regime first, is intended to shed light on qualitative aspects of RTRL,
potentially providing insights into its operation with non-linear RNNs. We
consider important to emphasize that four ours next studies our emphasis is
on exploring qualitative differences rather than performance, particularly in
comparison to the current standard training algorithm, BPTT.

Before diving into the next chapters, in the next section we introduce in more
detail the core algorithm that serves as the foundation for this thesis.

1.2 Real Time Recurrent Learning

Following [23], consider a discrete dynamical system! parametrized by 6 € © =
RI™O) et s, € S; = RIS be the state variable, for every t > 1 we define
the transition function of the system by:

st =Ty (s¢-1,0) (1.1)

note the dependence in ¢ for the transition operator T;. Given a cost function
Ly S — R, we aim to compute the gradient dgL;, this can be easily done by
first differentiating from both sides 1.1:
dSt . GTt dSt_l 8Tt
A9 s, 40 90
!The derivation for RNNs is presented in Chapter 3.

(1.2)
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and then by computing ds, £; and applying chain rule we are done. If we
happen to receive a new observation and therefore a new £;11 we don’t need
to redo all the calculations from before in order to obtain the gradient, since by
the recurrence in 1.2 we can just maintain in memory dys; and s;, and then
compute on the fly 8%‘? and multiply it with the previous term. What we
have just described is the RTRL algorithm. Note however, and here is where
we can appreciate the main drawback with RTRL, that the space required
to store the Jacobian dgs; is of order O(dim(s) x dim(f)). In an RNN the
dimension of the parameter @ is h? where h denotes the size of the hidden units,
therefore we require O(h3) storage in RTRL which becomes prohibitive quickly
when compared to BPTT?. Even worse for RTRL note that in order to update
the dgs¢, in an RNN we perform a matrix multiplication between matrices
of size h x h and h x h?, if we use the naive matrix multiplication algorithm
then the computational complexity for RTRL is in the order of O(h*). The
previous statements had guided the field to look for approximations of the
dps; the reader is referred to [3], [26],[31] among others. Note however that
sparse RNNs where the number of zero entries dominate the number of the
non-zero ones, are more amenable to RTRL and reduce their memory and
computational requirements, since the number of parameters that actually
contribute to the Jacobian gets reduced due to the sparsity of the network.
But still even in this setting the computational and memory complexities keep
being a bottleneck for the algorithm. In Chapter 2 we focus on the work
of [24], where they propose a practical algorithm to reduce even more the
memory and computational requirements from a sparse network by using a
biased approximation to dgs;.

To the best of our knowledge we could not find any work done in studying
the qualitative aspects of RTRL optimization, except for the work in [23]
where the authors offer the first local convergence proof for RTRL optimization
with online updates. More recently [17] explore the use of tractable RTRL
architectures in a Reinforcement Learning (RL) setting, their conclusion is
that there is no practical advantage of RTRL, even when the Jacobian its not
approximated, but no other analysis was made. Chapter 3 does this analysis
even though in different settings as we don’t consider in this work RL.

2BPTT uses vector Jacobian products and reverse mode differentiation, therefore storage
is O(dim(9)).

3The notion of online updates is discussed extensively in Chapter 3.






Chapter 2

Scaling RTRL with SnAp-N

In the introductory chapter, we introduced the core algorithm that serves as
the foundation for this thesis. We highlighted the significant challenges posed
by memory space and computation time when training networks using RTRL.

In this chapter, we present an algorithm proposed by [24], which takes advantage
of the sparsity of the networks to reduce memory and compute time. As outlined
in their publication, the theoretical gains of this algorithm hinge on improved
sofware support. We aim to bridge this gap by implementing optimized kernels
for computing sparse Jacobians and performing masked matrix multiplications.

Our implementation achieves a 64x speedup in wall-clock time compared to
the original code provided by [24]. Furthermore, our framework is open-sourced
and sufficiently flexible to facilitate the implementation of new architectures
with ease.

2.1 Sparse N-Step Approximation

Consider the following connectivity matrix W of a recurrent neural network
and the associated computational graph for one time step:

011 012 B
011 O12 13
W=10 6pn 0
U1 0 033
B3

031

after one step of the RNN, the parameter f25 will have influenced only hs.
After two steps, via 619, it will begin to influence hy, and after three steps, it
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SNAP-1 Mask
011 012 013 O 031 033
hi| 1 1 1 0 0 0
hol O 0 0 0 0
hs| O 0 0 0 1 1
SNAP-2 Mask
011 012 013 O 031 033
hi| 1 1 1 1 1 1
hoy| O 0 0 0 0
hs| 1 1 1 0 1 1
SNAP-3 Mask
011 012 013 022 031 033
hi| 1 1 1 1 1 1
hol O 0 0 0 0
1 1 01 1 1 1

011 612 61
Figure 2.1: Masks induced by Sparse N-Step Approximation algorithm in W = Lfl)l [ 653}
31 0 633

will have affected all the hidden units of the network. Clearly, this influence

after n steps will impact %};;’; in a different manner for each hidden unit 3.

[24] introduced the Sparse n-step Approximation (SnAp-n) for the Jacobian
of the network based on the previous observation. More formally, for all ¢:

Jt(Z7]) =

. {Jt(z', 7) if §; influences hidden unit A, ; (2.1)

0 otherwise

this approximation essentially defines a mask matrix M,, (Figure 2.1), that
will induce sparsity in the Jacobian, based on the sparsity of the network.

This n-step approximation can be integrated within the algorithmic framework
introduced by [3] for algorithms that approximate the J; in RTRL (Algorithm
1). There they define a function Apg (-) as a function that computes either a
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biased or unbiased approximation of its input and stores it in the prescribed
format ®. We choose to work within this framework since it provides a clear
description of the terms that need to be computed.

Algorithm 1 One step of approximating RTRL

Input: input z;, hidden state h;_1, parameters 8, approximation Jy_1 of
Jy_1 stored in prescribed format ®.
Output: hidden state h:, approximation J; of J; in format ®.
Preliminary calculations

1: hy < new hidden state, based on h;_1, 0, x;

2: _Dt — %, It — %
Bring addeno}s Dtjt_l, I; in desired format ®

3 Ay Ap®(DtJt,1)

4: Ay Ap®(It)
Mix two addends A, A

5: Jp = Mix(Ay, Ap), where Mix(z, y) is an approximator of z + y in format
®

In the case of SnAp-n:
Apg (X )=M, X

therefore the RTRL equations can now be written as :
Jo=0
J; = Apg (Dtjtﬂ) + Apg ,,(It) = Apg ,, (Dtjtﬂ) + I (2.2)

note that Apg, (It) = I; since for any n > 1, M, its not performing any
effective masking! on I;.

Since the same mask is applied at each time step, we can exploit this uniformity
to optimize computational efficiency. Specifically, as highlighted by the authors
of SnAp-n, it is possible to transition from the naive matrix multiplication
algorithm, which operates in O(mpk) time (for matrices A € R™**¥, B € RF*P),
to an algorithm with a complexity of O(nnz(M)k), where nnz denotes the
number of non-zero elements in the mask matrix M. Furthermore, if the
storage format ® is designed to leverage the sparsity of the elements involved
in the computation, we can achieve significant memory savings proportional to
the sparsity of the mask. In this chapter, we will present various algorithms
designed to achieve these computational improvements. More specifically we
will show how to compute Ap@“n(Dtjt_l), Apg ,,(1t), and Mix(Ay, Az), with
memory cost bounded by O(nnz(My)).

!This only holds for RNNs in which a parameter 6; only affects one hidden unit in one
time step as noted by the authors.
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2.2 Sparse Matrices

In order to implement Algorithm 1, we have to decide on the prescribed format
® for storing the Jacobians. Given that we are inducing sparsity through
SnAp-n, we can utilize one of the various formats developed over the past
decades to represent sparse matrices. Among these, we opt to work with the
Coordinate List (COO) format and the Compressed Sparse Row (CSR) format.

COO stores an array of non-zero elements and their corresponding row and
column indices. In contrast, the CSR (Figure 2.2) format enhances memory
efficiency and computational performance by storing the non-zero elements
in a single array (data), along with two auxiliary arrays indicating the start
of each row (indptr) and the column indices (indices) of the elements, this
structure allows for faster row access operations when compared to COO.

For the purposes of implementing SnAp-n we will choose COO as the prescribed
format ®. This choice is motivated by the following considerations.

The first one being that efficient algorithms exist to convert it to other sparse
sparse formats, which might be more suitable for performing linear algebra
operations. Converting from COO to CSR, when the indices are sorted
lexicographically can be done by computing a prefix sum, which in turn can
be performed efficiently using a parallel associative scan ([4]). This becomes
important when in runtime, at every step of RTRL we have to switch to CSR
for faster row access operations.

The second one is more SnAp-n specific. Suppose we can compute A;
Ap®7n(Dtjt_1) and Az < Apg (1) (See 2.3, 2.5) in any prescribed sparse
format ®. For n > 1 the non-zero entries induced by SnAp-n in A; and
Ao will differ and consequently also their associated data structures, as Ao
is independent of n (Recall 2.2). Therefore we need to devise an efficient
method to add both sparse terms. When using the COO format, we have that
Ag.indices C Aj.indices and implementing Mix(A;, A2) becomes trivial. This
is achieved by maintaining an array that maps each index in As.indices to its
corresponding position in Aj.indices, so that we have:

Aj.indices[As.pos[k]] = As.indices|k]
addition of both sparse terms can now be implemented as:
(A1, A) — Aj.data.at[As.pos|.set(A;.data[As.pos| + As.data) (2.3)

This approach however requires storing an extra array, As.pos, increasing the
cost for storing Ay, but note that in general nnz(A;) > nnz(As) for n > 1,
so its the data structures from A; that will dominate the memory. Also 2.3
is a pure function, where in addition all the array shapes involved are static
and known at compile time, which will come in handy at later sections. The
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0 0 11 0 13

COO Format:
data=[10 12 11 13 16 11 13]
indices = [(0,0) (0,3) (1,2) (L4) (21) (3,2) (3,4)]

CSR Format:
data = [10 12 11 13 16 11 13]
indices=1[0 3 2 4 1 2 4
; _[0 2 4 5 7
mdpr = [0 & & & )

Figure 2.2: Matrix A and its sparse representations in COO and CSR format.

mixing operation can also be computed avoiding any extra storage at the
expense of Q(nnz(M,)) more operations per step, reducing significantly the
time performance.

Having motivated our choice for ® in the following section we will present an
algorithm to compute Apg (/;) without explicitly computing the dense I;. To
this end, we will employ a matrix coloring technique that will substantially
reduce the space required for storage, as well as the computational effort
needed.

2.3 Sparse Jacobian Computation

Let f: R* — R?* and assume that for regardless of the input to the function,
the Jacobian always keeps the following sparse structure :

of  of
an e g g
ofs Of
J=| " 0 e om (2.4)
0 0 o o '
of 0z
W0 0 0

Ideally we would like to take advantage of the sparsity in the Jacobian to
minimize the number of evaluations required for its determination. [11] observed
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() D
() » @ O
() )

Figure 2.3: Induced graph G(J) and its coloring.

that a group of rows could be determined through a single evaluation, provided
no two rows in the group contain a nonzero element in the same column
position. Such a group of rows is defined as structurally orthogonal to each
other, which differs from the common notion of orthogonality in vector spaces.
A set of structurally orthogonal groups that contains all the rows of the matrix
is termed a consistent partition of the matrix. A matrix clearly can be trivially
partitioned into a set of structurally orthogonal groups, one group for each
row, the objective therefore its to find a consistent partition with the minimum
number of groups.

Define now G(J) to be a graph with vertices V' = {ry,r2,r3, 74} and edges
(ri,rj) if and only if i # j and rows r; and r; in 2.4 have a nonzero in the
same column position (See figure 2.3). If we color the graph so that no two
adjacent vertices have the same color, we can obtain a consistent partition
of the matrix where the groups are defined by the color of each vertex. This
connection between finding consistent partition of the matrix and coloring the
associated graph, was first introduced by [9].

The resulting matrix coloring of J will look like this:

J (X) — 0 0 0 1; ("),:r;|
of:
)Of 0 0 0:1:31
0 J4
o, 0 0 0
Clearly we can define now v; = [1100] and v = [001 1], and perform a

blocked vector-Jacobian product to obtain the compressed Jacobian, from which
the non zero elements of J can easily be accessed and stored in &®:

v gﬁ gfl ng gfz
1 _ 1 o T3 T4
[Vz] T = [aﬁ 0 0 ‘9f3] (25)

oz Oxy
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Through this chapter we will refer to the matrix used to left multiply the
Jacobian and retrieve the non-zero elements as the Jacobian projection matrix
V. For a detailed description of the algorithm, please refer to Algorithm 2.

Algorithm 2 Non-Zero Entries of Sparse Jacobian Using Graph Coloring.

Input: Jacobian J, Sparsity Pattern M.
Output: Compressed Jacobian S.

1: Compute the induced graph G(M).

2: Color G(M) and save the groups {F1, ... }.
3: ¢ <= Number of colors used to color G(M).
4: n < Number of rows in M.

5: for i < 1 to c do

6: v+ 0eR"

7: for k< 1ton do

8: v;[k] < 1 if and only if row k € E;
9: end for

10: end for

11: Vo [v] . V1T

122 S+ VJ

In general for a function f: R™ — R™, the number of entries required to store
the Jacobian is reduced by a fraction of -, where c is the number of colors
used in the algorithm. For a standard RNN with a hidden size of h, storing
the dense % requires O(h3) memory. In contrast, for the compressed version,

the memory requirement is reduced to O(h?).

While the matrix coloring algorithm enables us to uniquely determine the non-
zero entries in a sparse Jacobian, a significant challenge remains: the explicit
Jacobian matrix is often unavailable and computing it directly is infeasible due
to its large memory requirements. To address this, we can leverage automatic
differentiation tools, particularly those that implement the vector-Jacobian
product (VJP) operation. These tools allow us to compute the necessary
derivatives implicitly, without forming the entire Jacobian matrix.

A prominent example of such a tool is JAX [5], a high-performance library
designed for numerical computing and machine learning research. JAX pro-
vides robust automatic differentiation capabilities, allowing us to compute
the necessary derivatives implicitly, without forming the entire Jacobian ma-
trix. By integrating matrix coloring with JAX’s VJP functionality, we can
efficiently handle sparse Jacobians, thus circumventing the substantial storage
and computational costs associated with the explicit Jacobian computation.

Implementing Algorithm 2 would be straightforward if we restricted ourselves
to functions accepting a single rank-1 array, since JAX through its jax.vjp
interface combined with jax.vmap, facilitates the computation of S +— VJ

11



2.

ScALING RTRL wiTH SNAP-N

12

in a one-liner. However, to provide a clean interface and generalize our
implementation to accommodate any RNN architecture, we must support the
computation of sparse Jacobians for functions that accept arbitrary PyTrees?.
For the remainder of this chapter we will refer to an arbitrary PyTree as 0,
and to its leaves as 0;.

2.4 Sparse JACREV

Assume for simplicity that f : © x R™ — R"™. JAX of course allows us to
compute the VJP for functions accepting an arbitrary PyTree (Figure 2.4),
however there is one caveat. Once the VJP of f is obtained, the cotangent
vector will be applied for every leaf in the PyTree. Since not every leaf will
produce the same sparsity pattern in the Jacobian, and therefore not the
same Jacobian projection matrix V;, what we want is to compute V; dg, f using
jax.vjp for every leaf in 6 without computing V;dg, f for k& # 7, so that we
don’t waste space or perform unnecesary computations (Figure 2.5).

To the best of our knowledge there is no such functionality avalaible, therefore
we dig into the internals of JAX to allow such computations. Our implementa-
tion supports dense leaves and sparse leaves represented in the COO format,
under the same function. Furthermore, in computing % for a sparse 6; the
dimensions of the Jacobian will reflect the sparsity of the leaf, obtaining a
Jacobian of dimensions R™*"#(%)  This allows us to obtain the memory gains
in sparse recurrent neural networks , outlined by [24], even when there is no
approximation made to the Jacobian when using the RTRL algorithm.

With the previous functionality in hand, we propose the following interface for
implementing Algorithm 2:

e def make_jacobian_projection(
jacobian_mask: PyTree
) -> PyTree:

Must recieve a PyTree with the same structure as 6, where at each
leaf must contain the sparsity pattern of its corresponding Jacobian. It
will then compute the coloring of the induced graph for each leaf using
networkx ([14]) as described in section 2.3, and then return the Jacobian
projection matrices in a PyTree with the same structure as 6.

e def sp_jacrev(
f: Callable,
V: PyTree,

2A PyTree is (Verbatim from [18]) any arbitrarily nested composition of ‘node’ types
(dictionaries, lists, and tuples) containing ‘leaf’ types (all other Python types as well as
Rank-N Arrays).
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Figure 2.4: JAX VJP for a PyTree. Note that the contangent vector V; is applied for every leaf,
independently if we wanted to apply it just for one leaf in specific.

argnums: int | sequencel[int] = O
) -> Callable:

Mimics almost one-to-one the current jax.jacrev that allows the user
to compute the dense jacobians, with the difference that ours allows the
user to pass a PyTree with the Jacobian projection matrices to obtain
the sparse Jacobians. Our implementation is fully compatible with all
the JAX high level operations (jit, grad, vmap). The returned callable
will compute the sparse jacobians evaluated at the primals, and return
them stored in COO.

We conduct benchmarks of our implementation to measure the predicted
memory savings when computing I := %, for both a tanhRNN and standard
GRU. As illustrated in Figure 2.6 and Figure 2.7, our approach demonstrates
both memory and computation cost advantages when using the matrix coloring
technique in comparison to the explicit computation of the Jacobian.

For profiling the memory we used pprof as recommended by the JAX devel-
opers. To ensure the correctness of our benchmarks, we provide the snapshots
of the memory sate for each method where we must see a linear tree in which
the root must indicate the function being used (Figure 2.8).

Given that we can now compute I; for any arbitrary recurrent neural network,
f(0,hi—1,x;), and store it in the prescribed format as defined by ®, in the
next section we will implement a kernel to compute Ap®7n(DtJAt_1) exploiting
the sparsity of the mask M, involved. This will substantially reduce the
computational cost, when the zero elements of the mask dominate the non-zero
elements.

2.5 Masked Sparse Matrix Multiplication

Sparse matrix computations are crucial in scientific and engineering applica-
tions, enabling efficient handling of large-scale data. Algorithms for sparse

13
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Figure 2.5: Custom vjp function where we accept the primal PyTree and another PyTree that
contains at each leaf a differrent contangent vector that will be applied to the matching leaf in
the primal PyTree.

tanhRNN GRU
101 —- L il | N —L L | i N
10° ¢ EI
%‘ 10*1% ] .
g -
< —2
= m il i
1073 0o Explicit Do Explicit
ﬂ [l 0 Matrix Coloring [l 1 Matrix Coloring
10~ ———— f —————
128 256 512 1024 4096 128 256 512 1024 4096
Hidden Size Hidden Size
Figure 2.6: Memory allocated in the GPU, log scale, to compute I, = % for different

architectures in a NVIDIA RTX 3090. Bars not showed indicate that we could allocate the dense
Jacobians in memory. Note that it requires storage O (HS) where H is the numer of hidden
units.

14
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tanhRNN GRU

10-1 —— Il | i 1 L L | il 1
0o Explicit 0o Explicit
[l 1 Matrix Coloring [l 0 Matrix Coloring

l

1073

]
]

T
128

- Hﬂ | anIn N Il

T \ T
512 1024 4096 256 512 1024 4096

Hidden Size Hidden Size

Figure 2.7: Time to compute I, = % for different architectures in a NVIDIA RTX 3090. Bars
not showed indicate that we could allocate the dense Jacobians in memory. Note that it requires
storage O (H®) where H is the numer of hidden units.

unknown unknown
0 of 1027.25MB (100%) 0 of 6.02MB (44.81%)
1024.01MB 6.02MB
v
jacfun _sp_jacfun
0 of 1024.01MB (99.68%) 0 of 6.02MB (44.81%)
1024MB 6.02MB
Y
v
tree_map new_tree vjp
0 of 1024.01MB (99.68%) 0 of 6.02MB (44.81%)
1024.01MB 6.01MB
y
unknown apply_sp_pullback
0 of 1024.01MB (99.68%) 0 of 6.01MB (44.74%)

Figure 2.8: Flamegraph obtained by pprof of jax.jacrev and sp_jacrev, for a tanhRNN with a
hidden size of 512 units. We omit the rest of the leafs below the last node for better visualization
purposes.

15
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matrix operations, such as sparse matrix-sparse matrix multiplication (SpMM)
and dense-sparse matrix multiplication (DSMM) reduce memory usage and
computational complexity by exploiting the sparsity of the operands.

In recent years, JAX has made significant progress enhancing its support for
sparsity on GPUs by integrating with cuSPARSE, NVIDIA’s library for sparse
matrix operations. Despite these advancements numerous operations provided
by cuSPARSE are not yet fully supported within JAX.

In this section, we introduce an algorithm to address a specific operation:
R=Mo6DX (2.6)

where D € R™*F is dense, X € RF*P is a sparse matrix stored in ®2, and M
is a masking matrix also in ®. Since the mask matrix induces sparsity in DX,
we aim for the resulting R to be in ® as well. This operation is particularly
relevant to us since recall that Ap®7n(Dtjt_1) = M, ® (D;J;_1). Therefore
implementing 2.6 efficiently will allows us to finalize the implementation of
Algorithm 1 under the SnAp-n approximation.

Implementing 2.6 can be done in O(nnz(M)k) using the most naive algorithm,
where for each M; ; # 0 we perform the dot product D;.X.;. This algorithm
is also embarrassingly parallelizable, excluding any parallelism within
the dot product itself. To exploit this parallelism we could use jax.vmap in
combination with JAX’s support of the COO?* format. However as we found,
this approach is highly inefficient. The inefficiency arises from accessing a
column in the COO format, which is inherently slow. One possible solution is
to convert X from the COO format to a CSR format, and compute instead
MT® (XTDT), as CSR allows for efficient row access. Unfortunately, the JAX
library does not support row slicing in CSR, format. We believe the reason for
this limitation is that accessing a row in CSR format does not satisfy JAX’s
static shape constraints. Specifically, in CSR. format, a row is accessed using
X.datal[indptr[i] :indptr[i+1]], and this form of dynamic slicing is not
permitted within just-in-time compiled (JIT) functions, which is one of the
main reasons to use JAX.

Considering these constraints, we opted to implement the Masked Dense
Sparse Matrix Multiplication (Masked DSMM) as a primitive operation
in JAX. This implementation ensures compatibility with JIT compiled functions.
The primitive operates on CSR sparse matrices, and the algorithm is detailed
in Algorithm 3.

For the CPU support we implemented the primitive in NUMBA ([20]) and take
advantage of their cfunc decorator that creates a compiled function callable

3
® = COO
4JAX actually prioritizes support for BCOO (Batch COO) and BCSR (Batch CSR). We
work with these formats but in the text we just name then COO and CSR respectively.
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Algorithm 3 Masked Sparse-Matrix Dense-Matrix Multiplication

Input: Mask M, Acsr, B.

Output: Cg.

1: procedure MASKED-SPMM (M, Acsgr, B)
2 N « | M|

3 for n < 1to N do in parallel
4 i,j < Min]

5: rs < A.indptr(]
6

7

8

9

re < A.indptr[i + 1]
if r, —r. =0 then
C.dataln] <+ 0
: else
10: v < A.data[rs : 7]
11: nnz_ cols < A.cols[rs : 7¢]
12: C.data[n] - v - B[:,nnz_cols]
13: end if
14: end for
15: Clindptr « M
16: end procedure

from foreign C code. We then take the address of this JITed function and
register it in the XLA compiler through their custom call API. For the GPU
support the process becomes more intricate and requires knowledge of Python
and C programming. The steps required to add a custom GPU primitive in
JAX can be seen in Figure 2.9.

Before delving into CUDA programming, it is prudent to check whether existing
libraries already implement the desired kernel. To the best of our knowledge,
the primitive described in equation 2.6 is absent in current GPU Sparse General
Matrix Multiplication (SpGEMM) libraries. We identified only two relevant
libraries: GraphBlast ([34]) and cuSPARSE.

GraphBlast implements the GraphBlas API specification ([6]), which stipulates
that a compliant library should include the primitive in 2.6. However, an
examination of GraphBlast’s source code reveals that it does not support

masking when one of the operands is dense, as required for our application.

Although we could convert our first operand D to a sparse format to use their
implementation, this approach is infeasible. For our use case D represents
8?31’ which can indeed be sparse and constant. However, outside the regime
of a Linear RNN, the sparsity of the dynamics Jacobian varies depending
on the input. This variability violates JAX’s static shape constraints when
constructing a COO or CSR matrix, as the number of non-zero entries must

be static and known at compile time.
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In Python

In C

| Define a new JAX primitive.

Write Python functions to
build the graph nodes
with the primitive.

Have CUDA kernel(s).

Create a C function that
dispatches the CUDA kernel
that will be called by XLA.

Define its ab-
stract evaluation.

Create a descriptor to
convey information needed
for the computation

Define its lowering to MLIR.

Bind C functions to Python

Figure 2.9: Steps required to add a new CUDA primitive to JAX.

On the other hand, cuSPARSE offers the function cusparseSDDMM for masking
the output, which only works with dense inputs to produce a sparse output.
For RNNs trained with Real-Time Recurrent Learning (RTRL), reverting to
a dense representation of the Jacobians is prohibitive, as discussed in the
previous section. This limitation in existing libraries motivated us to create
our own custom kernels, specifically tailored to address the requirements of
our Masked Dense Sparse Matrix Multiplication (Masked DSMM) operations.

To invoke a CUDA kernel, we must specify the grid size and block dimensions.
Since Algorithm 3 parallelizes over the non-zero elements of the mask we opted
for a one-dimensional grid where the grid size is determined by [nnz(M)/B].
Here B indicates the number of threads per block, which we set to be 1024.

With the Masked DSMM primitive established, we can now fully implement
Algorithm 1. Figure 2.10 showcases benchmarks of our implementation, con-
trasting it with the original code provided by [24] for SnAp-1. Our implemen-
tation demonstrates an order of magnitude increase in speed compared to the
original code, thereby validating the optimizations developed throughout this
chapter. Specifically, our implementation aligns more closely with the theoreti-
cal improvements outlined in their publication, particularly when comparing
SnAp-1 with Backpropagation Through Time (BPTT) for hidden sizes less
than 512. Figure 2.11 reports the time required to compute the gradients for a
full sequence of input-output pairs, rather than just a single step.

For highly sparse networks where SnAp-2 and SnAp-3 are applicable, we are
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Figure 2.10: Time to compute one step of SnAp-1 for different architectures in a NVIDIA RTX
3090.
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Figure 2.11: Time to compute VL for BPTT and SnAp-1 in a NVIDIA RTX 3090.

unable to provide benchmarks as the corresponding code was not released.
However during the development of the library we observed that the perfor-
mance of our Masked DSMM diminishes as the density® of the Jacobian falls
below 0.01. Dense Matrix Multiplications are highly optimized operations that
exploit memory coalescence, with cache timing being a critical factor at this
level of parallelism. Our implementation achieves good memory coalescence
when accessing rows of the sparse matrix. However, accessing columns results
in numerous cache misses due to non-contiguous memory access patterns. This
is a big limitation of our kernel, but we believe there is a lot of improvement
can be made, since we just implemented the most naive algorithm we could
think of. There is an existing line of research that attempts to improve the

5Density is defined as d := 1 — s, where s is the level of sparsity.
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memory coalescence when using sparse operands, we refer the interested reader
to [25], [16],[22], [7] among others.

We conclude this chapter mentioning that the source code for all discussed
algorithms is available as an open-source package in snapjax. In addition to
the SnAp-N approximations we implement the exact RTRL algorithm for any
class of single-layer RNNs. For general multilayer RNNs we implement the
approximation rule introduced in [37], and if we restrict to layers following:

h% = f (htl—l,ﬂft)
ny = i (Mo, b
Yg =9 (hf)

we implement the exact RTRL gradient computations.
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Chapter 3

RTRL Training Dynamics

In this chapter we discuss an algorithmic bias in RTRL that to the best of
our knoweledge has not been previosly discussed before. We offer a simple
explanation of this bias, and we explore further consequences in highly sparse
networks where RTRL becomes tractable as discussed in chapter 1.

3.1 Online vs Offline

We start this chapter by introducing the notation that will be used throughout
the rest of the text. We define the transition function as f: @ x S x X — S,
where © denotes a finite dimensional vector space where the parameters live, S

denotes the same for the hidden states and X as well for the inputs to the RNN.

A single sequence of inputs will be defined as x1.7 = (21,22, -+ ,xp) where T
denotes the end of the sequence. For when needed we define fy := f(0, -, -)

and to further declutter notation given a fixed input z; we define f; :== (-, -, x¢).

For a fixed parameter 6, given an initial condition hg, the sequence of hidden
states produced by the network can be recursively defined as:

ht = f(H, ht717$t) (31)

Under this formalism an RNN can be considered a non-autonomous discrete
dynamical system.

In what follows we focus on gradient-based learning where the objective is
to minimize at each time step ¢, a cost function £;: © — R that measures

the network’s performance on a given task, as a function of the parameters 6.

Note that ¢t can be unbounded, but in this chapter we focus on the case where
t < T. This allows us to define a cumulative loss function:

T
LO):=> L (0) (3.2)
t=1
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that will measure the overall performance of the network.

In chapter 1 we introduced two different algorithms to compute the gradient
dpL. Backpropagation Through Time (BPTT) and Real Time Recurrent
Learning (RTRL). Both algorithms are equivalent, in the sense that they
compute the same gradient dyL, the difference however relies on how this
gradient is computed. BPTT computes the cumulative loss gradient in two
passes, a first forward pass where the inputs x; are processed, and a second
backward pass where the gradients are computed. In contrast RTRL allows
for comuting both in just a single pass, however this comes at a significant
computational and memory cost as explained in preceding chapters. More
specifically RTRL computes each dgL; explicitly as the network runs, whereas
BPTT will only compute them implicitly. To better illustrate this difference
we can derive the gradient equations for both methods:

In RTRL:
9L g dLidh
22740~ 2= dhy df
T
dZ; [ Ohy dhy—y = Ohy
= - — TRL .
; ah, <8ht_1 a0 o0 > (RTRL) (3:3)
In BPTT
T T
ds; OL; Ohs :
Z - Z Z oh. 90 (Paramater sharing)
t=1 t=1 s=1
T [T
OL; \ Ohs .
- Z (Z . | o0 (Exchange of summation)
s=1 t>s
T
dL Ohs —
= Z T (Total derivative)

T—-1
( AL Ohyis dL‘S> LTp— 5.4)

po dhsy1 Ohs dhs ) 00
after the exchange of summations in BPTT we are not computing dyL by
adding each dgL;, but rather different terms. RTRL computes dgL by adding
each dyL; explicitly as we process the inputs.

Being able to obtain the gradient of the instantenous loss dg£; as we process the
inputs z; is the core feature of RTRL. It allows the update of the parameters
@ in an online fashion, without having to neither accumulate the gradients
nor wait until the sequence has been fully processed. This is what we refer
as the online training setting, where numerous updates of the parameters 6
are performed as we process the inputs, in contrast to the offline training
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setting in which only one update of the parameters its performed at the end.
Throughout the rest of this chapter to remove unnecessary wording we will
refer to RTRL with online updates as the online algorithm, and to BPTT as
the offline algorithm. A single online update of the parameters while processing
an input will be refered as an in-sequence update, to better emphasize its
nature.

To make the difference more clear between both training settings, we can make
explicit the dependence of the parameters # on ¢. In the offline setting we are
not performing any update as we run the network, therefore we have 6; = 6;
for 1 <t < T, whereas in the online setting in general we have 6; # 0, for
1 <i<j <T. We remark that this change of parameters as the network
runs only happens while training, and when doing inference on a new input
sequence the parameters are fixed for both methods!.

Online updates of the network parameters can exhibit different training dy-
namics when compared to their counterpart. This difference arises by noting
that while in the offline setting:

dhy 0 by 0 O
in online setting we have:

dhy 0 Of ey O

de (et) - ah (ht,l) de (etfl) + 89 (et)

therefore, except for the first time step, in the online setting we are no longer
computing the real Jacobian dgh; but a biased one, that will a priori better
reflect the influence of the most recently used parameters {60, 6;_1,0;—2,...}
in comparison to the initial ones {61,6 ...}. If we use gradient descent, this
bias will imply that we are no longer following the precise negative gradient
direction. The difference at each step is nevertheless O(7;), so one can mitigate
this bias by reducing the learning rate. The bias of the dgh; when using online
updates, was indeed noted by the original authors of RTRL [33]:

While the resulting algorithm is no longer guaranteed to follow the
gradient of total error, the practical differences are often slight, with
the two versions becoming more nearly identical as the learning
rate is made smaller.

By making 7; small we are potentially aligning more closely to BPTT training
dynamics. Even in this small learning rate regime formally analyzing the online
algorithm becomes substantially challenging since standard stochastic gradient
descent theory does not apply directly, and to this date we could only find one

While this is strictly not necessary in the online setting, we believe that a more fair
comparison between both algorithms can be done in this way.
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work where they proved local converge of RTRL when the network parameters
start within a radius close enough to a local minima [23].

Local converge itself will not really tell us much about the qualitative differences
on the training dynamics when the network has just been initialized with
random parameters. It is the purpose of this chapter to try elucidate the
qualitative differences, if any, that arise when using RTRL with online updates
in comparison to BPTT. To the best of our knowledge no prior work has been
done in this regard, and even though numerous studies have been done in
either improving, or analyzing the performance of RTRL in different scenarios,
as well as reducing its computational cost, we could not find any prior work in
trying to uncover the qualitative differences that could potentially arise.

3.2 Teacher Student Analysis
3.2.1 Online EVGP

As argued in [15] if there is any hope of understanding Recurrent Neural
Networks we first need to understand them in the special case where we
remove the non-linearities. Albeit in principle this simplifies the analysis,
removing the non-linearities however makes the online algorithm more prone
to the exploding-vanishing gradient problem [28], when compared to the offline
one. To see this, lets first define J; = dghy (6;), Dy = 0f1/0h (h4—1), and
Iy :== 6 /60 (0:). Equation 3.3 can then be rewritten as:

dc, dhy dc,
Z dh; d6 Z thJt

dcl
Z dhz (DiJi—1 + It)

unrolling the recurrence and starting with Jy = 0, we can see that:

t—1
Ji =DyDy_y--- Doy + Z DDy 1+ Dy Iy + I
k=2

In the class of linear RNNs? and when using the offline algorithm the state-
transition Jacobian becomes constant D; = W therefore by computing J;
we are also computing W', This becomes an issue if the spectral radius®
p(W) is strictly bigger than 1 since the gradients are computed using .J; and
therefore as ¢ grows we enter the exploding gradient regime. This can be

20 = (W,U), f(0,hu,,20) = Why—1 + Uz
3Let A1,...,An be the eigenvalues of a matrix A € C"*". The spectral radius of A is
defined as p(A) = max {|A1],..., | ]}
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partially mitigated by ensuring that at initilization the randomly sampled W
satisfies the condition p(W) < 1, however an update of the weights could easily
break this inequality.

Even though this is a big concern in both algorithms, note that in the online
setting the state-transition Jacobian D; is not constant anymore, since we
are updating W at every time step {. With no non-linearity regulating the
matrix products in J¢, a single bad in-sequence update could already set the
RNN in the unstable regime. Therefore even in the linear setting, studying the
dynamics of the online algorithm becomes more difficult. Recall that reducing
the learning rate to smaller values in order to control the perturbation of an
in-sequence update is ideally not what we are aiming for, since as mentioned
before this will lead to training dynamics similar to BPPT. To further make
progress in our study, we are going to take advantage of the Linear Recurrent
Unit, recently introduced by [27].

3.2.2 Linear Recurrent Unit

Let W € R¥** be the connectivity matrix of a linear RNN, U € R*¥** the
input matrix, and C' € R®* the readout matrix. Given hg, and a sequence x
the output y; is computed as:

hi =Whi 1+ Uz, 1y = Chy

this in fact is equivalent to computing the convolution:

t—1

he=> WUz (3.5)
=0

yr = Chy

note that diagonalizable matrices are dense in R¥** [35], therefore under a
small perturbation of W we can decompose it as W = PAP~!, where A =
diag(\1, ..., Ax) € CF*¥F and P € C*** is an invertible matrix. Left multiplying
equation 3.5 by P~! on both sides, and letting C := CP, B := P™!'B, we

obtain:
t—1

Yt = é Z Aijt_j (3.6)

§=0
If the purpose of our study is to first understand the training dynamics of
RTRL in the class of linear RNNs, we might as well train linear RNNs where
instead of learning § = (W, U, C), we learn # = (A, B,C)* and work with
complex matrices. Expressiveness will not be lost in this parametrization, but

4By this change of parametrization the terms A, B , C are not related anymore by an
invertible P, so to compute the output we take the real part of Chy.
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it still does not ensure stable training dynamics and the EVGP remains a
concern in both online and offline training settings.

Recently [27] took the previous approach one step further, and propose
parametrizing the elements of A as:

Aj = exp(—v; + ib;)

where it is the vectors v € RF and 6 € R¥ that will be learned during training.
It is easy to see that under this parametrization starting with v; > 0 for all j
guarantees p(A) < 1 at initialization. However post-update stability cannot be
guaranteed since a v; can become negative. To address this, they introduced
an additional positive non-linearity leaving the final parametrization as:

Aj = exp(—exp(v;) + ib;) (3.7)

and now stability is ensured post-update. For learning long-range sequences
where \; — 1, the authors still noted a explosion in the forward pass. To see
why?, assume a one dimensional network A € C, and let B = 1. Then under
white-noise input x; we can see that:

t—1
Z )\jxt,j
§=0
(Absolute value in C)
t—1 t—1 *
- “;t‘Q = <Z Aj%’t—j) (Z /\i:nt_,-)
7=0 =0

(For i # j, Elzi—;z.—i] = 0)

— E[h]] =E <§ ijtm%*(m)) = (2 AI”E[m?])

7,1=0

|he| =

(Geometric series with 7 = |A]* < 1)

1

. ~2
= Jm Bl = 75

therefore as A — 1 the forward pass explodes since the contribution from x;
takes longer to decay. In order to address this issue they propose to normalize
Bz, by an element-wise factor 4 defined at initialization as v := /1 — |/\\2.

Given the preceding normalization and the exponential parametrization of A
(3.7) the Linear Recurrent Unit (LRU) is formally defined by [27] as:

hi =M1 4+70 (B[L't) (38)
y: = Re [Cht] + Dux; (39)

5Derivation from [27].
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where 0 = (\, B, C, D,~). The LRU plays a significant role for our next studies

as in-sequence updates will no longer break the stability of the linear RNNs.

Furthermore as shown by [37], the diagonal nature of the connectivity matrix
in the LRU allows for drastically reducing the computational and memory
requirements induced by RTRL. This is due to the fact that complex neurons
in the LRU do not affect each other and therefore tracking the sensitivities
requires only O(|6|) storage, while updating the Jacobian dph; gets reduced
from a matrix multiplication to a dot product. For more details about the
properties of the LRU and its online training algorithm the reader is encouraged
to check the excellent work done by [27] and [37].

Having introduced the LRU and its benefits when used in combination with
the RTRL algorithm, in the next section we will start studying its dynamics
empirically in a teacher-student setting.

3.2.3 Sample Complexity Study

Our investigation begins with the question: Does the substantially higher
update frequency of RTRL compared to BPTT provide any benefits in a Linear
System Identification (LSI) task? Specifically, we aim to determine whether it
results in improved performance or faster convergence.

Following [36], we will work under a teacher-student setting where the teacher
is formally defined as:

ht+1 = Aht + B.’L’t+1 and Yt = Cht + Dl’t. (310)

with by € R", 2y € R drawn ii.d. from N(0,1), A € R B ¢ R"*!
C € RY™™ and D € R'™!. The difficulty of the task its determined by the
spectral radius of A, since given an input x;_; its contribution to y; is modulated
by p(A)’ as can be seen from equation 3.6. Thus bigger values of p(A) will
force the student to remember inputs from further back in time. Since this
p(A) is a parameter we want to control in our experiments, after sampling
A j i (0,1/n), we complex diagonalize it®, and then we apply the following
transformation [36] to its spectrum:

le (\;
A 4 (Vmin + (Vmax - Vmin) tanh (|)\’L|)) exp <Z ans e( )90>
T

note that this transformation ensures that vyin < |N| < Vmax. In case
A contained complex eigenvalues they must come in conjugate pairs. By
using exp( - ) in the transformation and noting that exp(if)* = exp(—if), the
resulting matrix after the transformation is also real.

Controling Vi, and vpy,e. in the teacher is not enough for our purposes as we
also need to control the spectrum of the student. The student will be a LRU,
where its spectrum is controled by sampling A using lemma 3.2 from [27]:

5You can do this almost surely.
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Let w1, us be independent uniform random variables on the interval

[0,1]. Let 0 < 7min < max < 1. Compute v = —% log (u1p + Tfnin),

where p = 72, — 2. and 6 = 27us. Then exp(—v +if) is

uniformly distributed on the ring in C between circles of radii ryin

and 7Tmax-
For the experiments the hidden size of the teacher is fixed to 10 and for the
student 64. We will gradually increase [rmin, 1) and [vmin, 1) for the student
and the teacher respectively. We choose a sequence size of T' = 300 to ensure
that the input sequence is longer than the characteristic timescale we want to
learn”. For every value vy, we train the student LRU with BPTT and RTRL
under the same conditions with the same budget of samples, which varies
from {1000, 5000, 20000, 500000}. We work under the purest version of SGD
with batch size 1. The loss £ is the mean squared error over the prediction
and the target sequence. To be fair with both algorithms and since gradient
descent optimization is highly dependent on the learning rate, we sweep over
15 learning rates starting from 0.01 and decreasing logarithmically. For the
optimization algorithm we use Adam [19] with its default hyperparameters
in combination with cosine annealing without warm restarts®. When the best
evaluation loss is found at one of the extremes of the allocated learning rates,
we manually finetune it until the best learning rate does not live in the extremes.
We repeat everything for 4 different seeds. The grid search is done using Ray
Tune [21], and we use the framework introduced in the previous chapter for
implementing RTRL, where we conducted unit tests in all the optimization
algorithms to ensure their correctness. Details of all the hyperparameters that
we sweep over can be found in table 3.1.

Intuitively to correctly explore the parameter space © for learning long-range
dependencies, we want the dgh; to not be biased. This is ensured in BPPT,
as there are no in-sequence updates. However for RTRL this term does not
actually reflect the influence of the parameters at the beginning of the sequence.
Since 6y has had an influence in h;_; and h;_j in turn influences h; as well, if
the loss £ at time step t is highly dependent in the state of h;_x, we should
take into account the 0y that leads hg to h;_i as well. By allowing online
updates we are not really tracking the real influence over all time steps. For
tasks with short-time scale as measured by the spectral radius of the teacher,
we should expect that the significantly higher number of updates of RTRL help
converging faster towards a smaller loss. This advantage however should be
lost as we give more sample budget both BPTT and RTRL, and the spectral
radius of the teacher increases as well.

Results of the empirical sample complexity experiment for LSI can be seen

"Characteristic of the teacher is ﬁ(&'
8 Annealing the learning rate in some form is a necessary condition in SGD to converge
towards a ball of small radius centered at a local minima.
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Grid Search

Algorithms {RTRL, BPTT}
Samples {1000, 5000, 20000, 50000}
Seeds {7,14,21,28}
Teacher hgim 10

Student hgim 64

Batch Size 1

7 0.01 x 2-1%[0.1,...,15]
Fenin {0.32,0.42,0.78,0.92,0.99}
T'max 1

Scheduler Cosine Annealing (No warm restarts)
51 0.9

By 0.99

Table 3.1: Experimental details of the grid search performed for the empirical sample complexity
study.

in figure 3.1. The results align with our intuition as the performance of
RTRL outperforms BPPT only on small values of vy, and when the budget
of samples is small. Eventually the differences vanish and BPTT catches
up in performance. For bigger values of vy, RTRL does not present any
advantage and when the budget is increased towards 50000 performs an order
of magnitude worse than BPTT.

3.3 Benefits of Noisy In-Sequence Updates

Recall that in the previous experiment we used Adam with its default hyper-
parameters as our optimizer. Lets take a closer look at the update function
defined by Adam®:

gt < da fr(0¢—1)
me PB1-mu—1+ (1 —51) o

Ut<—52'Ut—1+(1—52)‘9t2
me
UVt + €

915 = u(ﬁla ﬁ?a m, d@ft(gt—l))

Oy <~ 0i1 —1n -

Adam defines three!® hyperparameters 81, B2 and 7 that are left for the
experimenter to tune. Intuitively 1 controls the exponential moving average

9For a general function f, and for simplicity we ignore the bias correction steps.
0The epsilon was left there for numerical stability but turns out that practitioners are
also tuning it.
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Figure 3.1: Sample complexity study for different values of (Vmin, 1]. We report the mean over
all the seeds, where the error bars denote the min and max over the seeds. Both BPTT and
RTRL are in their best performing setting, found with grid search.

of the gradients, since as $; — 1 greater smoothing is performing and more
weight is given to the average gradient m;. One will expect that for learning a
long-range task, if we are performing in-sequence updates, we want to give more
importance to the average gradient my, the intuition for this is that since in
the online setting the parameters now define a in-sequence trajectory 61.7, the
update directions from the instantaneous loss gradients dg/£L; do not necessarily
need to be aligned!'. This leads the trajectory to fluctuate significantly, which
we control using 1 with Adam. The interpretation that 81 controls these
fluctuations of the gradients, can be easily checked by tracking the updates
U(B1,m,drL)'? given by Adam to the eigenvalues, as we do in Figure 3.2.
Whether reducing this fluctuations is beneficial for RTRL, as we presuppose,
is what we discuss next.

Contrary to our intuition the closer 81 — 0 the better RTRL performs, even

" Neither orthogonal, fluctuation is what matters.
12\We fixed the S and not write it explicitly to simplify notation.
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Re (u(ﬁlan')et)) Im (u(ﬁl')n:et))
0.220 |- T T T T T T T T
0.320
0.200 - 0.310 |-
0.180 |- 0.300 |-

Figure 3.2: Toy example to confirm our intuition regarding the role of the 81 in Adam for
in-sequence updates. One dimensional teacher in [0.99, 1), one dimensional student dimensional
student in [0,1). One single iteration of RTRL over an input sequence.
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Figure 3.3: Performance of Adam in the LSI task for different values of 31. The colorbar reflects
the value of the initial learning rate 1. Cosine Annealing is applied for every run. Mean of 4
different seeds, errors bars indicating the min and max evaluation loss.

in the harder task of our previous experiment where vy, = 0.99. In figure 3.3,
we can see a sweep over different values of 81, where for each (1, we follow
a similar grid search procedure as in the previous study, ensuring that for
every (1 we find the best configuration, ensuring a fair comparison. The best
mean performance its achieved with 51 = 0.0 i.e no smoothing at all over
the in-sequence gradients, and even more surprising, it is achieved with the
maximum initial learning rate n when compared to best performant learning
rates in the other (51 scenarios.
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In order to get more insights we start by analyzing the backward sensitivity of
the system, which we define as:

dhr

— 11
dh, (3.11)

=

where the norm is the spectral norm i.e the largest singular value. Intuitively
this term measures how sensitive the final hidden state hp is to a perturbation
of a hidden state in a distant past t. For tasks with long-range dependencies
we want this term to increase during training in case it is small at time steps
the task cares about.

Note that in the LRU, the state-transition Jacobian is constant dj,  h; =
diag()), and because the spectral norm of a diagonal matrix its equal to its
spectral radius we have that ¢ — |)\maX|T_t. So function 3.11 its completely
characterized by the spectral radius of diag()), which allows us to study it
with just a single scalar. Therefore we track the max eigenvalue after every
iteration of both RTRL and BPTT, as well as tracking the min eigenvalue
and then mean of |\;|. We do this in a setup where the student starts with a
spectrum in [0, 1), so that we recover Glorot initialization [13]. The teacher will
be set to the hardest difficulty where v, = 0.99, in addition to |Amax|. For
both algorithms we follow the same grid search procedure as in the previous
study in order to compare them in their best performing settings. Since we
want to better understand the observation from figure 3.3, in RTRL we check
for 51 =0 and 51 = 0.9, whereas in BPTT we only check for 51 = 0.9. Note
that in the class of Liner RNNs, as mentioned before, the state-transition
Jacobian is constant!® and is equal to the connectivity matrix, therefore we
should expect in both settings that the spectral radius of diag()\) increases
towards higher values, closer to where the spectral radius of the teacher is.
Otherwise they could not learn the long-range dependencies.

In figure 3.4 we can see the evolution of the quantities just described. From the
plots we note three qualitative differences when considering noisy in-sequence
updates (1 = 0.0) in comparison to BPTT and smoother in-sequence updates
(81 = 0.9) in RTRL:

1. The spectral radius converges faster towards its theoretical limit.
2. The norm of the minimum eigenvalue converges faster towards 0.

3. Overall the norm of the eigenvalues of the state-transition Jacobian tend
to converge faster towards higher values.

in order to better comprenhend this empirical observations, in the next subsec-
tion we will argue for a simple toy model that we believe explains the previous
qualitative differences.

13Not while training in RTRL, only when doing inference.
1Recall that in the LRU the spectral radius is upper bounded by 1.
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Figure 3.4: Evolution of the norm of max, min and average eigenvalue during the first 10K
iterations. Student initialized in [0.0,1). Teacher initialized with in [0.99,1). Shaded areas
indicate the standard error of the mean over the different seeds.

3.3.1 RTRL Toy Model

To understand the qualitative phenomena of the previous study we start by

recalling the LRU parametrization!:

A = exp(—exp(v) + i6)

where v € R™ and 6 € R". Since the quantity we are interested is the norm
of A;, to simplify the analysis we set 6 = 0 as it does not contribute!® to the
norm. Therefore the parametrization we study is left as:

A = exp(—exp(v))

(3.12)

and the in-sequence update equations!” when performing gradient descent

follow:

dL; dhy dA
Vi4l = Vit — ”Tmﬁ@

Aty1 = exp (—exp (V41))

5 . .
5Here exp denotes element-wise exponential.

(3.13)
(3.14)

“Recall that by Euler’s identity |exp(a + ib)| = |exp(a)||exp(ib)| = |lexp(a)]|.

1"We drop the subscript j to simplify notation.
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Define e; := ng—ﬁ:%, and note that —% = exp(vy — exp(14)), hereby equation

3.13 becomes:

Vit1 = V¢ + egexp (v — exp (1))

vip1 = g (v, er) (3.15)

we can treat 3.15 as a non-autonomous discrete dynamical system, since e; will
be varying at each time step ¢. Even though an oversimplification, is still worth
assuming constant e;, so that we can treat 3.15 as an autonomous dynamical
system, where the analysis becomes easier. In the one-dimensional setting
the direction of e; is either a positive one (+1) or negative (—1), so assuming
lex| = 1, we can plot the dynamics of the system in a Cobweb diagram (Figure
3.5) together with the LRU parametrization. From the plots it is clear that:

lim g(vy, +1) = 400 = lim A, =0
t—o0 t—o0

lim g(1y, —1) = —0c0 = lim =1
t—o00 t—o0

Of course during optimization neither e; will be constant nor |e;| # 1. The
term e; will be regulated by the learning rate 7, and the directions will differ
during the in-sequence updates. In RTRL e; fluctuates significantly during the
forward pass (Figure 3.2), and this fluctuation can be controlled by /5 when
using Adam.

Assuming, as previously argued, that e; fluctuates significantly, let’s replace
e; by a random variable &, ~ N(0,0%). The fluctuation is now governed by
o. Consider a Markovian random walk in R. With sufficient iterations, the
larger the o the quicker the random walk reaches its first-passage time for a
given threshold. Recalling that in RTRL we perform T' additional updates to
A compared to BPTT, the previous analysis suggests that under in-sequence
updates, convergence towards either 0 or 1 occurs more rapidly in the LRU, even
if these updates exhibit considerable fluctuation. In fact larger fluctuations,
as in the random walk, imply earlier first-passage times over values of v; that
result in closer values of \; to the two poles. We can see now that as 81 — 0,
the effective o increases, leading to a faster increase in the spectral radius while
training, thereby enhancing performance in the harder task where vy, = 0.99,
which is what we see in figure 3.4.

In figure 3.6 we confirm our analysis, where we sample a white noise sequence
from N(0,02) to play the role of e; and we track the evolution of g(u,e;),
where \g = 0.5, for different values of 0. As we can appreciate from the figure,
the largest value of o results in faster convergence towards the two poles, 0 and
1, but eventually for every value of o convergence to the poles should occur
given enough iterations. We repeat the analysis for 10% white noise sequences,
each of them of length 7' = 10%, and in figure 3.6 we show their distribution at



3.3. Benefits of Noisy In-Sequence Updates

Parametrization Cobweb Diagram
] ] I T
— W) |

___ o
ov

0.5

—05 | | | | | | |
—4 —2 0 2 4 -1 0

2

Figure 3.5: Left: Parametrization of the LRU for real eigenvalues. Right: Cobweb Diagram
assuming constant backpropagated errors, (+1) or (—1)

different time steps, for different values of o. The higher density around 0 in
the histogram at 10K can be explained by noting that:

_ oxp(v — exp(v)
exp(—v — exp(—v))

‘ d,A(v) = Q(exp(—v))

dyA(—v)

which implies that converge happens in fewer iterations towards 0 than towards
1, biasing the distribution in this simplified RTRL toy model for the LRU.

From the previous analysis we can already start to understand the qualitative
differences we observed in the LSI study between the different 3; scenarios
and BPTT. If 51 — 0 the |A;| of the LRU should show convergence towards a

bimodal distribution in 0 and 1, which in turn will increase the spectral radius.

This is what we indeed observe in figure 3.7, when we track the trajectories of
the |A;| during training of the LSI task. Only one seed is displayed for making
the visualization easier, nevertheless to strengthen our hypothesis about the
qualitative differences between RTRL and BPTT, in figure 3.8 we plot the
complementary cumulative distribution function '® Pr(|A| > z) (CCDF) at the
end of training, now computed among the different seeds for both RTRL and
BPTT.

Note that the 1 — F'(x) displayed in figure 3.8 is computed at the last iteration
of training, nevertheless given the big gap between BPTT in RTRL it suggests
the following. For sufficiently big N, there exists a threshold « such that for
alln > N:

1-FP(x)<1-FRx) fora<z<l1. (3.16)

where with B we denote BPTT and with R we denote RTRL. We cannot
offer a proof for this, but nevertheless, we give support for this claim in figure

18 Actually the empirical CCDF i.e the ECCDF
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Figure 3.6: Top: Sampled trajectories of the toy RTRL model, for different standard deviations for
T € {500,10*} steps.Bottom: Distribution at T € {500, 10*} of N = 1000 sampled trajectories
for different standard deviations

3.9, where we show CCDF for both methods while training from the first
iteration until iteration 1000, the upper bound on 1 its given by the stable
parametrization of the LRU. How small can this N be, we believe will become
relevant when we study non-linear RNN’s in the next section.

Interpreting e; as e; wast partly motivated by figure 3.2, where we verified, albeit
in a simplistic setting, that the updates provided by Adam i.e U(S1,7n,d, L),
were highly stochastic in nature. The cautious reader must have noted that
our definition of e; in the toy model, doest not equate exactly to our LSI
experiments are being performed. To see why note that when using Adam, the
actual update equations for v follow vy = vy +U(B1, P2, n, dgLy) therefore:

dL; dhe dA dA

ve +U (B1, B2, m, doLy) #Vt_nd_htﬁa =n-erg (3.17)

to further strength our observations and justify our interpretation of e; we



3.3. Benefits of Noisy In-Sequence Updates

RTRL f; = 0.0 RTRL f; = 0.5
I I I I I I I I I I
1 [
< 05
0 f— —] — —]
| | | | | | | |
1+ . |
&
]
4
(il /7
< 0.5 Xt |
\,-”"HJN
0 f— —]
| | | | | | — I I I I —

0K 10K 20K 30K 40K 50K 0K 10K 20K 30K 40K 50K

Iterations Iterations

Figure 3.7: Trajectories of the |\;| during training in RTRL for different values of 31 and in
BPTT. Coloring reflects the order of |A;|, darker being the highest, lighter being the lowest. Only
one seed is showed for easier visualization

need to decompose U( - ) into the two terms, e; and d,\ so that:

dA
u (617 /327 7, dllﬁt) = 62@

which matches the same equation as in 3.15, note that in the LRU v is a vector
in C* and X as well, therefore to solve for ey, we could right multiply both sides
by the inverse matrix (d,A\)~!. The inverse is guaranteed to exist since the
matrix d, A is diagonal'®. If our interpretation of RTRL and the influence of 3
is a valid one, then we must see as well that when computing the element-wise
Var[e],, (using as observations all the time steps during an input sequence x

(3.18)

given at iteration n) 20, for different values of 3; the variances must satisfy?!:

Varg.g9le'], < Varggle'], < Vargs[e'], -+ < Vargole]n

9Unless there is a zero element in its diagonal, to be in the safe side and avoid division
zero we could an epsilon term

20We ignore the time dependence ¢ since in our model we sample iid noise.

21The subscript denotes which value we used for f;.
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Figure 3.8: Pr(|\| > x) after 50K Iterations of training. Computed over 4 different seeds for
different values of 81 and for BPTT.
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Figure 3.9: In Red: 1 — F for n < 1000. In Blue: 1 — F? for n < 1000. R := RTRL and
B :=BPTT. Runs over 4 seeds. Lighter color indicates earlier iterations, darker color indicates
iterations at the end.
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Figure 3.10: Mean of the vector /Var[e/],, during training for different values of 3.

Recall that e is a vector with elements in C therefore we use the following
definition of variance for a complex random variable:

Var [X] = Var [Re (X)] + Var [Im (X)] (3.19)

In figure 3.10 we can see these values computed using 4 different seeds where
we used the same initial learning rate n. Note that they closely match our
interpretation of e;.

Overall the previous experiments further validate the use of our toy model for
RTRL, when trying to study its dynamics. Though it may sound simple, to the
best of our knowledge we have not seen any study in the literature following our
approach. This might partially be because of timing, since the LRU which is a
key component in our study has only been introduced recently. We conclude
this section by reminding the reader that we started studying RTRL in class of
linear RNNs, with the hope of giving us a better understanding of its training
dynamics in the non-linear setting. In the next section we start to study RTRL
in non-linear RNNs.

3.4 Implications In Sparse Networks

Recently [24] showed the advantage of imposing sparsity in the parameters of
the network by proposing a biased approximation to dgh; which reduces the
memory and computational complexity of RTRL, as explained in the preceding
chapter. Their experiments conclude that training highly sparse RNNs (GRU
and LSTM) with RTRL outperforms BPTT when learning a curricular copy
task. Studying RTRL in RNNs with gated mechanisms to understand this
phenomena. Is out of the scope of this thesis and left for future work, here
instead we focus on Continuous Time Recurrent Neural Networks (CTRNN),
using some of the insights derived from the previous section in Linear RNNs.
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Figure 3.11: Distribution of the eigenvalues for a random matrix with i.i.d entries from
N(0,1/256), when applying masks of different levels of sparsity.

Following [30] the class of CTRNN considered here are derived from the
discretization of the following continuous-time dynamical system:

Nin
h(t)=—h(t)+We(h(t)+ VN> wa(t). (3.20)
=1

where ¢ := tanh, N represents the number of hidden units, Vi, the number of
input channels, W € RV*N ‘and U = [uy, -+, uy, ] € RV*Nin The readouts
of the network are computed by:

c; ¢ (h(t))
VN

where Ny represents the number of output channels and ¢; € RY. Similar to
[30] we are interested in the training dynamics of networks where N > 1 and
the dimensions of Nj,, and Ny are small. However we depart from their setup
by forcing sparsity in the connectivity matrix W in an attempt to understand
the results from [24]. We do this by sampling a random binary matrix M,
with i.i.d entries M;; ~ Bernoulli(1 — s), where s will control the amount
of sparsity imposed in the connectivity matrix. The transformation to W is
simply:

y; (t) = For ¢ in {1,..., Nout} (3.21)

Wi M;0W (3.22)
The first insight to understand [24] comes from the following fact. Define
W' := My, ® W, if the entries W ; Y (0,1/N) then:

B (W) = & [5w5)7] = & [ 7] 8 [003,07) = B

since E[W'] = 0 and E[|[W’|!] < C, then?? by Bai and Yin [2], we have that:

Pr <1imsupp(w’) <V(@1- s)> =1 = E [limsupp(W/)] <Vl-s

N—o0 N—o0

22A Normal distribution has finite 4-th moment.
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Figure 3.12: Mean Squared Loss curves RTRL and BPTT in the evaluation distribution. Average
over 4 different seeds. Both RTRL and BPTT in their best performing setting after running
a comprehensive grid search. Shaded regions represent the standard error of the mean of the
quantity of interest.

and by reverse Fatou’s Lemma:

limsupE [p (W')] <vV1-s (3.23)

N—o0
which basically tells us that for N > 1 (as in our setting and the one in
[24]), under Glorot initialization of the connectivity matrix W, imposing a
random mask on the weights to induce sparsity, effectively decreases its spectral
radius. This behavior is illustrated in Figure 3.11. In the regime of linear
RNNs, as discussed in the previous section, RTRL should escape this small
spectral radius faster than BPTT. As a result, this could potentially enhance
performance when the objective is to learn long-range dependencies, which
is what [24] observed in their experiments although in highly sparse gated
RNN’s.

To test the hypothesis that RTRL outperforms BPTT when training highly
sparse CTRNN we will follow a similar approach as in the preceding section
were now we substitute the LSI task, with the Romo [29] task. The task is a
delayed-discrimination task, where the network is presented with two positive
pulses of different amplitudes separated by a delay. Following an additional
delay, the network is required to remember which of the two pulses had greater
amplitude. We choose this task as it is a simple one to start studying RTRL
and we can easily control the specific time steps t at which the network has
received its inputs and has to start recalling the largest pulse.

As in all of our previous experiments to compare BPTT and RTRL in their
best performing settings, we follow a similar grid search as in the sample
complexity study. For RTRL we set 51 = 0 in light of the previous section
and for BPTT we set 81 = 0.9. The sparsity of the network is imposed by
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Figure 3.13: Evolution of the spectral radius p(W’). Average over 4 different seeds. Both RTRL
and BPTT in their best performing setting after running a comprehensive grid search. Shaded
regions represent the standard error of the mean of the quantity of interest. Top: Evolution
during the first 200 iterations. Bottom: Evolution for the full training loop.

sampling a random binary mask as explained before were we set s to 0.98.
For the size of the hidden units we choose N = 256 following [30] and also to
obtain the upper bound in 3.23. For discretizing 3.20 we choose as dt = 0.3.
The evaluation loss is the mean squared error over the readouts of the network.
The number of iterations for both RTRL and BPTT is set 50K. Similar to the
LSI task we set the batch size to 1. In figure 3.12 we can see the evaluation
loss curves for both methods in their best performint setting. Clearly RTRL
outperforms BPTT. This partial result strengthen our hypothesis about the
advantages of RTRL in highly sparse CTRNNs. In figure 3.13 we can also
see how the spectral radius converges substantially faster to a bigger value in
RTRL?3. We have run control experiments where after sampling the random
sparse connectivity matrix, we scale it so that we start in both algorithms
with p(W') = 1, and the result in terms of performance were almost the same,
with RTRL clearly outperforming BPTT. Therefore there has to be some other
qualitative phenomena explaining the gap in performance.

Note that in the non-linear regime, the spectral radius is not a good indicative
anymore of how the network is learning, in the case of the LRU we studied
that term since as commented before, the backward sensitivity function can be
fully characterized by a single scalar. This is not true in the case of non-linear
RNN’s. The state-transition Jacobian of CTRNN after discretization is not

23Gince we are not using anymore the LRU, this term is not bounded anymore by 1.
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constant anymore and follows:

_ on,
~ Ohyy

J (1) — diag(1 — dt) + dtW diag ((1 — (ht_1)2>) (3.24)

In an attempt to understand the difference in performance between both
methods we recall the following standard result in the theory of continuous-
time dynamical systems. Assume we have an ODE, defined as:

h(t) = f(h(1) (3.25)

where h € RY and represents the hidden states of a non-linear RNN. We can
differentiate equation 3.25 from both sides with respect to hy and after an
exchange of derivatives®* we get the following equation:

d (Oh\ . Oy

note that dh;/dhg its closely related to the function 3.11 we were studying in
the previous section, were instead the role of the time variable t is inverted.
Intuitively dh;/dho measures how sensitive is hy with respect to a perturbation
to the initial condition hg. Following [8] lets define as well A(t) = 0ht/dho,
equation 3.26, can be rewritten then as an ODE following:

w =J(t)A(t) (3.27)
dt

where A(0) = I. Similar to [8] we are going to make the assumption that J(t)
is constant, although a strong assumption its going to help us understand
the qualitative differences of RTRL when compared to BPTT, at least in the
Romo task. The strong assumption, thus allows us to get the solution for the
ODE at 3.27:

At) = e’ (3.28)

assuming that J is diagonalizable we then get:
A(t) — eJt — PeA(J)tpfl (329)

where A(J) denotes the eigenvalues of J. Using the fact that the trace bounds
the spectral norm, we have then:

tr eA(‘])t‘ < N||A @] (3.30)

combining this lower bound, with the results from figure 3.9 (where we showed
empirically that early in training of a LRU, RTRL has much higher probability

24Exchanging derivatives in this case can be proved to be correct.
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than BPTT of P(|A\| > x) for bigger values of =), we can see that RTRL also
early in training will increase the trace in 3.30 since:

N
§ 6)\it
=0

and as t grows this term will be dominated by the A; with highest absolute
value, which is precisely what RTRL increases from what we observed in the
previous experiments. Therefore RTRL will push the lower bound in 3.30
to higher values, biasing as well the spectral norm of the forward sensitivity
towards higher values when compared to BPTT early in training, which is
needed to in order to start learning distant dependencies in a sequence [28].
Note that we have made strong assumptions in the previous derivation, which
don’t necessarily have to match the real experimental setting. In what follows
we study what we have just argued.

’tr eA(J)t’ = (3.31)

In light of the previous experiments and from 3.23 we hypothesize that RTRL
bias Highly Sparse CTRNNs to two regimes during training, the first one,
suggested by 3.30, where the network tries to memorize as much as possible,
and then learns to forget the irrelevant inputs for the task at hand. Actually
we hypothesize that both BPTT and RTRL use the same strategy since the
spectral radius of the network at initialization its quite small, but RTRL will
enter the regime of memorizing much faster.

To study this hypothesis we follow a similar approach as in the previous section.
As a reminder, we want to analyze:

dhr

— 3.32
ah, (3.32)

0|

For every new input sequence this function changes, therefore we are not inter-
ested in the absolute magnitudes of 3.32 within a sequence, we are interested
in their relative values within a sequence. For example, we could be interested
in comparing the value at a fixed time step t but at different iterations of
the training algorithm say n; < ng. At iteration n; the dj,hj' could be
much smaller in norm than dp, hj? at np. However that does not indicate that
network its less sensitive to a perturbation in h; at iteration ni, as it could be
that the dj hy' its the biggest value in norm within its sequence indicating
the contrary. Therefore if not normalizing this quantity we cannot compare
them in fair manner during training at different iterations. For this reason the
L

iteration n of the algorithm, the quantity we track can be defined then as:

actual term we track is the following one. Define ¢,, := maxo<;<7

omll

n

=
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Figure 3.14: Left: Normalized dhr/dh: for the first 100 iterations of the algorithm. Right:
Normalized dhr/dh: for the first 10000 iterations of the algorithm. Ligher color indicate ealier
iterations, darker colors indicate iterations close to the end. Only one sample, and only seed is
displayed for easier visualization.

this quantity is bounded in [0, 1] therefore we could also integrate it, and track
Ohlp

as well:
T
n —
L

so that we can display in a simple way the evolution of the overall backward
sensitivity of the algorithms. In figure 3.14 we can see 3.33 for a single seed and
for only one input sequence at different number of iterations during training,
already supporting our intuition about RTRL increasing norm of the backward
sensitivity faster early in training. In figure 3.15 we can see 3.34, which gives
even more support to the hypothesis that RTRL converges faster to a bigger
value of 3.34, and then decreases this term faster as well compared to BPTT.
We find interesting that even though their respective evaluation losses follow
similar trends at the beginning of training, there exists a qualitative difference
hidden in the dynamics of 3.34.

c,ldt (3.34)

We conclude this short section and the chapter by remarking that our study
although small in nature, offers an possible explanation for the results obtained
in [24]. RTRL benefits from highly stochastic in-sequence updates, and it bene-
fits even more when the network is highly sparse, as we showed experimentally
and motivated theoretically. We also posit a potential negative consequence:
the tendency of RTRL to push the spectral norm of the backward sensitivity
towards higher values may impair its performance in denoising tasks. Gated
RNNs mitigate this issue through their gating mechanisms. Future work will
explore this potential phenomenon in greater detail and attempt to generalize
our findings to other tasks inspired by the neuroscience literature. The research
in [24] play a significant role in the development for this chapter as we were
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Chapter 4

Conclusions

This thesis investigated the dynamics and engineering challanges of RTRL
within sparse RNNs. The core contributions of this research are twofold: the
development of highly optimized implementations for existing algorithms and
the detailed exploration of RTRL’s training dynamics through theoretical and
empirical analyses.

Our main technical achievement is the optimized implementation of the Sparse
1-Step Approximation algorithm, originally proposed [24]. By creating and
fine-tuning optimized kernels for sparse Jacobian computations and masked
matrix multiplications, we achieved substantial performance improvements.
Our benchmarks demonstrated a 64x speedup in wall-clock time compared to

existing implementations, validating the practical applicability of our approach.

Chapter 3 delved into the training dynamics of RTRL, contrasting it with
BPTT. Through rigorous experiments and analysis first in the setting of
linear RNNs and benefiting from the stable parametrization of the LRU,

we observed that RTRL benefits from highly stochastic in-sequence updates.

This stochasticity aids in faster convergence in highly sparse CTRNNs as
we motivated theoretically and showcased experimentally, offering a possible
explanation for the results observed in [24].
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